The relativistic angular momentum is introduced as an extension of the non-relativistic analysis of allowed states in the phase space for a quantum particle. The paper shows the conceptual basis of the approach. An interesting feature of the present point of view is that the indistinguishability of identical particles and the Pauli principle are found as corollaries.
1 Introduction.
Two papers have been recently published concerning the analysis of states allowed to the particles in the phase space to calculate the energy levels of many electron atoms /1/ and diatomic molecules /2/. The properties of the quantum angular momentum were also found as a straightforward consequence of the basic assumptions described in these papers. However the non-relativistic character of this approach did not enable to infer any information about the spin angular momentum of electrons. The relativistic quantum theory /3,4/ has introduced the spin as an intrinsic property of particles; perturbation calculations of the energy levels including the spin-orbit and spin-spin couplings are widely reported in literature, see e.g. /5/. On this respect, however, it is interesting to inquire whether the existence of spin can be also inferred through an extension of the non-relativistic approach to the angular momentum with the help of Lorentz transformation. The present paper aims just to discuss the fundamental ideas leading to the concept itself of spin through the analysis of the phase space; from a conceptual point of view this point appears more attracting than the development of a further more or less approximate numerical calculation algorithm including the spin effects of specific interest for the solution of some particular quantum problem. The paper is organized as follows:
-section 2 summarizes for clarity the physical background of the present approach; -section 3 concerns some key-points about the relativistic angular momemtum; -section 4 introduces the approach to the angular momentum of quantum particles;
-the results obtained are discussed in section 5;
-the conclusions are reported in section 6.
2 Physical background of the non-relativistic approach.
The state of a quantum particle is described by a wave function ψ defined as the solution of the appropriate partial differential wave equation subjected to the pertinent boundary conditions. Our knowledge about the system rests in general just on the possibility to write down this wave equation and find its solution. By consequence, the deterministic concepts of position or trajectory of classical physics are replaced by the 
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ψψ , of finding the particle in a given region of space. The papers /1,2/ are based on a different, more agnostic, physical idea according which one renounces "hÃ vv" even to the probability character of our knowledge. Rather, since the beginning one assumes the total uncertainty about both position and momentum of the particle. For sake of clarity, this idea is explained with the help of two examples, the first of which concerns just the angular momentum 3 U 0 r r r × = of a particle having a momentum 3 r . According to the initial assumption, the current position of the particle is regarded as completely unknown; the only information available about U r is that 
The factor 2 within parenthesis accounts for the possible states of spin of the electron. The factor ½ is due to the fact that really 
Therefore, all the possible terms expected for the non-relativistic energy are found in a straightfoward and elementary way. The conceptual connection between the classical and quantum energies ( ) ( ) where any electron could be found; in effect, the uncertainty principle itself concerns a given number of states regardless of the kind of particle itself or its actual dynamical variables. In turn, it means that and the energy levels of multielectron atoms are expressed in principle without any concern to which electron in particular belongs to a given state. Hence, this approach implies necessarily the indistinguishability of identical particles; in fact, it is physically meanigless any possibility to distinguish particles whose dynamical variables have been ignored conceptually, since the beginning and not as a sort of numerical approximation merely aimed to simplify some calculation. The indistinguishability is found now as a corollary rather than being introduced as a postulate.
It is clear at this point the interest to check whether or not the ideas so far discussed hold again in the frame of a relativistic approach. This check is important in general, because the consistency with the relativity is certainly a necessary conceptual requirement for any physical theory. Moreover, owing to their non-relativistic character, the papers /1,2/ were of course unable to explain why the numbers of states n and l should fulfil the Pauli principle in order to calculate correctly the electron energy levels of multielectron atoms and diatomic molecules. The next sections aim to clarify this point just introducing the requirements of relativity into the present approach.
3 The relativistic angular momentum.
The ideas introduced in the previous section must be modified when taking into account the basic requirements of relativity. It is known in general that in relativity the angular momentum of a system of particles is an antisymmetric four tensor built of two three-vectors /6/: 
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In the case of a free particle not subjected to any interactions one assumes that the velocity Y r is a constant. Replacing eq 4,5 into eq 4,2b, 6 r of eq 4,7b becomes (ii) Y ϕ δ r is, by its own definition, a proper length solidal to the particle, therefore an internal degree of freedom of the particle rather than a vector characterized in some way by its state of motion.
(iii) for a free particle being V an integer including zero. In conclusion, the component of 6 r along Q r is
The component of the total angular momentum of the particle is then, thanks to eq 4,6 h h
The properties of the additional angular momentum 6 r , for instance the impossibility to know simultaneously its x, y and z components, are found with the same procedure followed in /1/ for / r .
Discussion
The results obtained in the previous paragraph have shown that the Lorentz transformations are conditions enough and necessary for the existence of an angular momentum quantum number V additional with respect to O . All the considerations so far carried out require only that F is finite: any comparison between the velocity of the quantum particle with respect to F is in principle irrelevant. In fact, the above discussion has shown that only ∞ = In particular, it is essential that: (i) the relativistic dynamical variables be regarded as randomly changing within the respective quantum uncertainties and (ii) the number of allowed states in the relativistic phase space be calculated through these quantum uncertainties. In effect, the idea to extend the approach shortly sketched in section 2 to the relativistic case is reasonable because the Lorentz transformations change merely the analytical expressions of momenta and coniugate lengths but not their own physical meaning. On this respect, it is interesting the fact that the analysis of states in the relativistic phase space allows to describe also a form of angular momentum that, strictly speaking, is an intrinsic property of the quantum particle rather than a true kinematical property. An important consequence of these results is inferred considering an arbitrary number 1 of identical particles whose state is described by positions and linear momenta falling within proper uncertainty ranges of the phase space. As shown above, the number of states allowed for the angular momentum of each particle is given now by a number O , depending on the motion of the particle, and by a number V , characteristic of the particle itself regardless of its state of motion. 
